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A QUASI-LOCAL PENROSE INEQUALITY FOR THE QUASI-LOCAL
ENERGY WITH STATIC REFERENCES
PO-NING CHEN
Abstract. The positive mass theorem is one of the fundamental results in general rel-
ativity. It states that, assuming the dominant energy condition, the total mass of an
asymptotically flat spacetime is non-negative. The Penrose inequality provides a lower
bound on mass by the area of the black hole and is closely related to the cosmic censor-
ship conjecture in general relativity. In [14], Lu and Miao proved a quasi-local Penrose
inequality for the quasi-local energy with reference in the Schwarzschild manifold. In this
article, we prove a quasi-local Penrose inequality for the quasi-local energy with reference
in any spherically symmetric static spacetime.
1. Introduction
In general relativity, a spacetime is a 4-dimensional manifold N with a Lorentz metric
gαβ and a symmetric 2-tensor Tαβ . The metric represents the gravitation field while the
symmetric 2-tensor represents the stress-energy density of matter in the spacetime. The
Einstein equation relates the geometric information to the matter field. It reads
Rαβ − R
2
gαβ = 8piTαβ ,
where Rαβ and R are the Ricci curvature and the scalar curvature of the metric, respec-
tively. Throughout this article, we assume that the matter field satisfies the dominant
energy condition. Namely, for any time like field e0, T (e0, e0) ≥ 0 and T (e0, ·) is a non-
space-like co-vector.
An initial data set consists of (M,gij , kij) where gij is the induced metric and kij is the
second fundamental form of the hypersurfaceM in the spacetime N. For an asymptotically
flat initial data set, Arnowitt, Deser, and Misner defined the total Arnowitt-Deser-Misner
(ADM) energy-momentum (E,Pi) using the asymptotic symmetry at infinity [1]. One of
the fundamental results in general relativity is the positive mass theorem by Schoen-Yau
[20, 21] and Witten [27]. It states that the ADM energy-momentum satisfies
E ≥
√∑
i
P 2i ,
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if the spacetime satisfies the dominant energy condition. Moreover, the equality holds if
and only if the spacetime is the Minkowski space.
An important situation is the time-symmetric initial data sets where kij = 0. In this
case, the dominant energy condition implies that the scalar curvature ofM is non-negative.
Moreover, the ADM linear momentum vanishes and the ADM energy is the same as the
ADM mass.
The Penrose inequality is a conjuncture on the lower bound of the mass of an isolated
system in terms of the total area of its black holes [18]. Its validity is related to the cosmic
censorship conjecture on the global structure of solutions to the Einstein equation. An
important special case is the Riemannian Penrose inequality for time-symmetric asymp-
totically flat initial data sets. Namely, if (M,g) is an asymptotically flat Riemannian
3-manifold with nonnegative scalar curvature and ADM mass m, and A is the area of
the outermost minimal surface (possibly with multiple connected components), then the
Riemannian Penrose inequality asserts that
m ≥
√
A
16pi
.
Huisken and Ilmanen proved the inequality where A is the area of the largest component
of the outermost minimal surface [13]. Their proof used the monotonicity of the Hawking
mass under the inverse mean curvature flow. Bray gave the complete proof of the above
inequality using a conformal flow of metrics [3].
Following the proof of the positive mass theorem, there have been many different at-
tempts to define quasi-local mass. See [24] for earlier works on defining quasi-local mass
and other quasi-local conserved quantities. Here we briefly review several notions of quasi-
local mass using the Hamilton-Jacobi approach and their positive mass theorems. The
basic idea is that we should compare the surface Hamiltonian [5, 9] of the surface inside
the spacetime N to the surface Hamiltonian of suitable configurations of the same surface
inside a chosen reference spacetime.
For time-symmetric initial data sets, Brown and York defined the Brown-York mass in
[5]. Suppose (M,g) is a 3-manifold such that Σ, the boundary of M , has a positive Gauss
curvature. From the solution of Weyls isometric embedding problem by Nirenberg [17] and
independently, Pogorelov [19], there exists an unique isometric embedding of Σ into R3.
Let H and H0 be the mean curvatures of Σ in M and R
3, respectively.
The Brown-York mass of Σ is
mBY (Σ) =
1
8pi
∫
Σ
H0 −H.
Shi and Tam proved the following positive mass theorem for the Brown-York mass:
Theorem 1.1. Suppose the scalar curvature of M is non-negative and H > 0. Then the
Brown-York mass of Σ is non-negative, and it equals zero if only if M is flat.
The proof by Shi and Tam used Bartnik’s quasi-spherical metric [2] to construct an
extension of (M,g) to an asymptotically flat manifold on which the Brown-York mass is
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non-increasing. The positivity of the Brown-York mass follows from the positive mass
theorem (for manifolds with a certain type of singularities).
Liu and Yau defined the Liu-Yau mass which does not depend on the choice of the
hypersurfaceM [11, 12]. Suppose Σ is an embedded 2-sphere with positive Gauss curvature
that bounds a spacelike hypersurface in a spacetime N . The Liu-Yau mass is
mLY (Σ) =
1
8pi
∫
Σ
H0 − |H|,
where H is the mean curvature vector of Σ in the spacetime N .
Liu and Yau proved the following positive mass theorem:
Theorem 1.2. Suppose N satisfies the dominant energy condition and |H| > 0. Then the
Liu-Yau mass of Σ is non-negative, and it equals zero if only if N is the Minkowski space
along Σ.
In [25, 26], Wang and Yau defined the Wang-Yau quasi-local mass which captures the
full information of the energy-momentum of a surface in a Lorentzian manifold. An energy
is assigned to each isometric embedding of the surface into the Minkowski space and a
timelike vector in Minkowski space. Such a pair is considered to be an observer. Wang and
Yau showed that the assigned energy is always non-negative and the Wang-Yau quasi-local
mass is the minimum among all possible assigned energy.
In [6], a new quasi-local energy is defined using any static spacetime as the reference.
This work generalizes the Wang-Yau quasi-local mass which used the Minkowski space as
the reference. The new quasi-local energy provides a measurement of how far a spacetime
deviates away from the exact static solution.
The static slice of a static spacetime is referred to as a static manifold. It consists of
a triple (M, g¯, V ) where g¯ is the induced metric on the 3-manifold M and V is a function
(the static potential) on M satisfying
∆¯V g¯ − ∇¯2V + V R¯ic ≥ 0,
where ∇¯, ∆¯ and R¯ic are the Levi-Civita connection, Laplacian and Ricci curvature of the
metric g¯, respectively.
For an isometric embedding into M, the quasi-local energy is simply
1
8pi
∫
Σ
V (H0 − |H|),
where H0 is the mean curvature of the image in M. For this article, we focus on the time-
symmetric case. Namely, Σ bounds a hypersurface M with vanishing second fundamental
form. Under this assumption, the quasi-local energy is then
1
8pi
∫
Σ
V (H0 −H),
where H is the mean curvature of Σ in M .
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A natural candidate for the reference space is the Schwarzschild spacetime. In [10], Li
and Wang found the following lower bound
1
8pi
∫
Σ
V (H0 −H) ≥ −m
assuming the image of the isometric embedding is sufficiently close to a coordinate sphere
in the Schwarzschild manifold. It is natural to ask whether we can improve the lower
bound by the area of the enclosed horizon similar to the Penrose inequality. In [14], Lu
and Miao proved the following quasi-local Penrose inequality (here we state their result for
3-manifold only):
Theorem 1.3. Let (M,g) be a compact, connected, orientable, 3-manifold with nonnegative
scalar curvature, with boundary ∂M . Suppose the boundary is the union of Σ and Σh, where
(i) Σ has positive mean curvature H > 0; and
(ii) Σh, if nonempty, is a minimal surface and there are no other closed minimal sur-
faces in (M,g).
Suppose Σ is isometric to a convex surface in the Schwarzschild manifold such that R¯ic(ν, ν) ≤
0. Then
1
8pi
∫
Σ
V (H0 −H) dσ ≥
√( |Σh|
16pi
)
−m.
where m is the mass of the reference Schwarzschild manifold.
In [14], it is also proved that the equality of the quasi-local Penrose inequality implies
that the two mean curvatures are equal. See also [7, 15, 22] on the equality case of this
quasi-local Penrose inequality.
In this article, our goal is to prove a quasi-local Penrose inequality for the quasi-local
energy with an isometric embedding into the static slice of a spherically symmetric static
spacetime satisfying the dominant energy condition (we will refer to such a manifold as
a spherically symmetric static manifold). One such example is the Reissner-Nordstrom
manifold, which is the 3-manifold with metric
g¯ =
dr2
1− 2m
r
+ e
2
r2
+ r2dS2
and the static potential
V =
√
1− 2m
r
+
e2
r2
.
It is the static slice in the Reissner-Nordstrom spacetime with metric
−(1− 2m
r
+
e2
r2
)dt2 +
dr2
1− 2m
r
+ e
2
r2
+ r2dS2.
Here, we state the main theorem of this article when the surface is isometrically embed-
ded into the Reissner-Nordstrom manifold
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Theorem 1.4. Let (M,g) be a compact, connected, orientable, 3-manifold with nonnegative
scalar curvature, with boundary ∂M . Suppose the boundary is the union of Σ and Σh, where
(i) Σ has positive mean curvature H > 0; and
(ii) Σh, if nonempty, is a minimal surface and there are no other closed minimal sur-
faces in (M,g).
There exists constants C6 and C7 depending only on the mass m and charge e of the
reference Reissner-Nordstrom manifold such that if Σ is isometric to a convex surface in
the Reissner-Nordstrom manifold with principal curvature κa and
−R¯ic(ν, ν) >0
minκa >
C6
r2
r >C7,
then
1
8pi
∫
Σ
V (H0 −H) dσ ≥
√( |Σh|
16pi
)
−m.
In Section 5, we will also prove a similar result for isometric embeddings into any asymp-
totically flat and spherically symmetric static manifold.
One of the key steps in the positive mass theorem for the Brown-York mass by Shi and
Tam and the quasi-local Penrose inequality by Lu and Miao is to solve the prescribed scalar
curvature equation
(1.1) R = 0
on the exterior region of the isometric embedding using Bartnik’s quasi-spherical metric.
In both cases, an appropriate quasi-local mass is monotonic on the solution of (1.1). It is
crucial for us to find an analogous equation for the static manifold.
The structure of the paper is as follows: in Section 2, we review the proof of the posi-
tivity of Brown-York mass by Shi and Tam and the quasi-local Penrose inequality by Lu
and Miao and give an outline of our proof. In Section 3, we introduce the prescribed
scalar curvature equation (3.4) using Bartnik’s quasi-spherical metric (3.3) and derive a
monotonicity formula (see Corollary 3.3) for the quasi-local mass on the solution of the
prescribed scalar curvature equation. In Section 4, we study the prescribed scalar curvature
equation in more details and prove a sufficient condition about the foliation (see (2.1)) so
that the solution to (3.4) is a smooth and asymptotically flat manifold with non-negative
scalar curvature. In particular, this reduces the quasi-local Penrose inequality to show that
the unit normal flow creates a foliation satisfying the condition given in (2.1). Up to Sec-
tion 4, the result holds for any static manifold. In Section 5, we find a sufficient condition
on the initial surface Σ0 so that the unit normal flow resulted in a foliation satisfying (2.1)
in a spherically symmetric static manifold.
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2. Review of the proofs of Shi-Tam and Lu-Miao
Let us first recall the proof of the positivity for the Brown-York mass by Shi and Tam
in [23] and the proof of the quasi-local Penrose inequality by Lu and Miao [14]. This helps
us to illustrate the main strategy of our proof since we adopt several ideas and methods
from the two articles.
Suppose (M,g) is a 3-manifold with a non-negative scalar curvature such that Σ, the
boundary of M , is a topologically S2 with positive Gauss curvature and positive mean
curvature. Let Σ0 be the image of the isometric embedding of Σ into R
3. Since the Σ0 is
convex in R3, we write the Euclidean metric on the exterior of Σ, Mext, as
δ = ds2 + σs,
where σs is the induced metric on the hypersurface Σs with a fixed Euclidean distance s
to Σ. Consider a new metric on Mext of the form
gu = u
2ds2 + σs
where u will be determined by the prescribed scalar curvature equation
R(gu) = 0.
This is a parabolic equation on u and by the maximum principle, for any initial value of u
on Σ0, gu will be asymptotically flat. In particular, we may choose u such that on Σ0,
u =
H
H0
.
Let H0 andHu denote the mean curvature of Σs with respect to δ and gu. The prescribed
scalar curvature equation implies that
1
8pi
∫
Σs
(H0 −Hu) dσs
is nonincreasing in s. Moreover,
lim
s→∞
1
8pi
∫
Σs
(H0 −Hu) dσs = mADM(gu).
It follows that
1
8pi
∫
Σ
H0 −H ≥ mADM (gu).
By gluing (M,g) and (Mext, gu) along their common boundary Σ and applying the
positive mass theorem (which is valid under the assumption that Hu = H along Σ), it
follows that
1
8pi
∫
Σ
(H0 −H) dσ ≥ 0.
To summarize, the following two key features of the prescribed scalar curvature equation
R(gu) = 0
via Bartnik’s quasi-spherical metric played fundamental roles in the proof of the positive
mass theorem:
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(1) The prescribed scalar curvature equation gives rises to an asymptotically flat man-
ifold with non-negative scalar curvature.
(2) The monotonicity formula for the quasi-local mass on the solution of the prescribed
scalar curvature equation.
In [14], Lu and Miao proved a quasi-local Penrose inequality using isometric embedding
into the Schwarzschild manifold as the reference. New difficulties arise for their proof.
For example, the static potential affects both the monotonicity formula and the prescribed
scalar curvature equation. Also, they have to use the Riemannian Penrose inequality for
gluing satisfying the condition Hu = H.
To overcome these difficulties, they used an inverse curvature flow to construct a convex
foliation with
R¯ic(ν, ν) ≤ 0.
Assuming the above condition, they show that the solution to the prescribed scalar curva-
ture equation
R(gu) = 0
is a smooth asymptotically flat manifold on which the quasi-local mass is non-increasing.
By the gluing construction and the monotonicity formula, the quasi-local Penrose in-
equality now follows from the Riemannian Penrose inequality for an asymptotically flat
manifold with corners. This particular version of the Riemannian Penrose inequality is
proved in [16] using a density theorem.
In our case, we consider the quasi-local mass associated to an isometric embedding into
a static manifold. Given any foliation of the static manifold, we consider the following
function T defined by
(∆¯V )− D¯2V (ν, ν) + V R¯ic(ν, ν) = TV.
Our key observation is that if the unit normal flow of Σ in the static manifold gives rise
to a convex foliation satisfying
(2.1)
∂V
∂ν
, det(A0) +
T
2
− R¯ic(ν, ν) > 0 and det(A0) > T
2
,
where A0 is the second fundamental form of the surfaces, then the following prescribed
scalar curvature equation
R˜ = R¯+ (
1
u2
− 1)T
will satisfy both the key properties above as in the proof of Shi and Tam for the Brown-York
mass. Then we apply the Penrose inequality for asymptotically flat manifolds with corners
established in [16] to prove a quasi-local Penrose inequality for the quasi-local energy with
reference in the static manifold.
To find a condition on Σ0 such that the unit normal flow would satisfy (2.1), we utilize
that any spherically symmetric manifold is conformally flat. The conformal flatness allows
us to study a corresponding flow of surfaces in R3 and use the evolution formulae for the
principal curvature and the support function in R3 as well as the formula for the principal
curvature under a conformal change.
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3. Monotonicity formula in a static background
In this section, we consider the variation of the quasi-local energy with reference in a
static manifold. Namely, we have a triple (M, g¯, V ) such that
∆¯V g¯ − ∇¯2V + V R¯ic ≥ 0.
where ∇¯, ∆¯ and R¯ic are the Levi-Civita connection, Laplacian and Ricci curvature of the
metric g¯, respectively.
Consider a family of embedded hypersurfaces {Σs} evolving in (M, g¯) according to
∂X
∂s
= fν,(3.1)
where X denotes points in Σs, f > 0 denotes the speed of the flow, and ν is a unit normal
to Σs. Denote the region swept by {Σs} as U and we consider the following function T on
U defined by
(∆¯V )− D¯2V (ν, ν) + V R¯ic(ν, ν) = TV.
The following lemma is a simple consequence of the dominant energy condition.
Lemma 3.1. The dominant energy condition implies that the scalar curvature R¯ of g¯ and
T satisfies
R¯ ≥ T ≥ 0.
Proof. Consider the Einstein tensor
Gαβ = Rαβ − R
2
gαβ .
Recall that (see for example [4])
R¯ =2G(e0, e0)
T =G(e0, e0)−G(ν, ν)
Thus, from the dominant energy condition, we conclude that
T =G(e0 + ν, e0 − ν) ≥ 0
R¯− T =1
2
(G(e0 + ν, e0 + ν) +G(e0 − ν, e0 − ν)) ≥ 0.

The metric g¯ over the region U can be written as
g¯ = f2ds2 + σs,(3.2)
where σs is the induced metric of Σs.
To establish a monotonicity formula for the quasi-local energy with reference in (M, g¯),
we consider another metric
g˜ = u2f2dt2 + σs,(3.3)
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where u > 0 is a function on U . We impose the following condition on the scalar curvature
R˜ of g˜:
(3.4) R˜ = R¯+ (
1
u2
− 1)T.
Proposition 3.2. Under the above notations and assumptions,
d
ds
(∫
Σt
V (H0 − H˜)dσs
)
= −
∫
Σs
1
u
(u− 1)2f2H0∂V
∂ν
dσs −
∫
Σs
V
u
(u− 1)2f2(det(A0)− T
2
)dσs,
where H0 and H˜ are the mean curvature of Σs with respect to g¯ and g˜, respectively, and
A0 is the second fundamental form of Σs with respect to g¯.
Proof. Let A˜ be the second fundamental form of Σs with respect to g˜. Recall that
H˜ =
H0
u
, A˜ =
A0
u
.(3.5)
By the second variation formula,
∂
∂s
H0 = −∆f − f(|A0|2 + R¯ic(ν, ν))(3.6)
∂
∂s
H˜ = −∆(fu)− fu(|A˜|2 +Ricg˜(ν˜ , ν˜)),(3.7)
where ∆ is the Laplacian on (Σs, σs), Ricg˜ is the Ricci curvature of g˜ and ν˜ is the unit
normal of Σs with respect to g˜ .
Let det(A0) and det(A˜) be the second elementary symmetric functions of the principal
curvatures of Σs in (M, g¯) and (M, g˜), respectively. By the Gauss equation,
det(A0) = K − R¯
2
+ R¯ic(ν, ν), det(A˜) = K − R˜
2
+Ricg˜(ν˜, ν˜).(3.8)
We have
Ricg˜(ν˜, ν˜) =R¯ic(ν, ν) + det(A˜)− det(A0) + R˜− R¯
2
=R¯ic(ν, ν) + det(A0)(
1
u2
− 1) + ( 1
u2
− 1)T
2
.
(3.9)
Putting (3.6), (3.7) and (3.9) together, we have
∂
∂s
(H0 − H˜)
=∆(uf − f)− f(|A0|2 + R¯ic(ν, ν)) + fu(|A˜|2 +Ricg˜(ν, ν))
=∆(f(u− 1)) + R¯ic(ν, ν)f(u− 1) + |A0|2f( 1
u
− 1) + f( 1
u
− u)(det(A0) + T
2
).
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Using the formula ∂
∂s
dσ = fH0dσ and integrating by part, we have
d
ds
(∫
Σt
V (H0 − H˜)dσs
)
=
∫
Σs
f
∂V
∂ν
H0(1− 1
u
)dσs +
∫
Σs
V H20 (1−
1
u
)fdσs +
∫
Σs
V f(
1
u
− u)T
2
dσs
+
∫
Σs
f(u− 1) (∆V + V R¯ic(ν, ν)) dσs +
∫
Σs
(
V |A0|2f( 1
u
− 1) + V det(A0)f( 1
u
− u)
)
dσs
=
∫
Σs
f(u− 1)
(
∆V + V R¯ic(ν, ν) +
1
u
H0
∂V
∂ν
)
dσs +
∫
Σs
V f(
1
u
− u)T
2
dσs
−
∫
Σs
V det(A0)
(u− 1)2
u
dσs.
Moreover,
∆V + V R¯ic(ν, ν) = ∆¯V − D¯2V (ν, ν)−H0∂V
∂ν
+ V R¯ic(ν, ν) = −H0∂V
∂ν
+ TV.
Therefore, we conclude
d
ds
(∫
Σs
V (H0 − H˜)dσs
)
=
∫
Σs
f(u− 1)(−1 + 1
u
)H0
∂V
∂ν
dσs −
∫
Σs
V det(A0)
(u− 1)2
u
fdσs
+
∫
Σs
V Tf
(
1
2
(
1
u
− u) + (u− 1)
)
dσs
=−
∫
Σs
(u− 1)2
u
fH0
∂V
∂ν
dσs −
∫
Σs
V (det(A0)− T
2
)
(u− 1)2
u
fdσs.

Corollary 3.3. Suppose (M, g¯) is foliated by {Σs} such that
(3.10)
∂V
∂ν
> 0, H0 > 0 and det(A0) >
T
2
.
Then
∫
Σs
V (H0 − H˜)dσs is nonincreasing in s and it is a constant if and only if u = 1.
Remark 3.4. For a vacuum initial data set, T ≡ 0. In this special case, the results here
are precisely the ones in [14, Section 2].
4. Foliation and the quasi-local Penrose inequality
In this section, we study the prescribed scalar curvature equation (3.4). We now assume
that (M, g¯) is asymptotically flat and Σs foliatedM outside a compact set. See [8, Definition
1.1] for the precise assumption on the asymptotically flatness. We will assume that the
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static potential approaches to 1 at infinity with a comparable rate as well. Namely, for
some τ > 12
V = 1 +O(r−τ ).
We now assume that f = 1. Namely, we assume that the metric g¯ is
g¯ = ds2 + σs
Proposition 4.1. Suppose (M, g¯) is asymptotically flat and the unit normal foliation Σs
satisfies
det(A0) +
T
2
− R¯ic(ν, ν) > 0
then the solution to the prescribed scalar curvature equation
R˜ = R¯+ (
1
u2
− 1)T.
for the metric
g˜ = u2ds2 + σs
is a smooth and asymptotically flat manifold g˜ for any initial value u > 0 on Σ0.
Proof. Recall that the R˜ is given by
H0
∂u
∂s
= u2∆u+ (u− u3)K − 1
2
uR¯+
1
2
u3R˜
As a result, the prescribed scalar curvature equation is the same as
H0
∂u
∂s
= u2∆u+ (u− u3)K − 1
2
uR¯+
1
2
u3R¯+
1
2
(u− u3)T
Using the Gauss equation, we conclude that
H0
∂u
∂s
= u2∆u+ (u− u3)(det(A0)− R¯ic(ν, ν) + T
2
)
The assumption implies that in the last term, (u− u3) is multiplied to a positive term. It
follows that the solution u exists for all s and
lim
s→∞
u = 1
by the maximum principle. This finishes the proof of the proposition. See for example
Section 2 of [23] for more details. 
Remark 4.2. In particular,
u = 1 +O(s−1)
which we will need later.
As a result, we conclude the following
Proposition 4.3. Let (M,g) be a compact, connected, orientable, 3-manifold with non-
negative scalar curvature, with boundary ∂M . Suppose the boundary is the union of Σ and
Σh, where
(i) Σ has positive mean curvature H > 0; and
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(ii) Σh, if nonempty, is a minimal surface and there are no other closed minimal sur-
faces in (M,g).
Suppose Σ is isometric to a convex surface in an asymptotically flat static manifold M such
that the unit normal flow gives a convex foliation satisfying
∂V
∂ν
> 0, det(A) +
T
2
− R¯ic(ν, ν) ≥ 0 and det(A) > T
2
.
Then
1
8pi
∫
Σ
V (H0 −H) dσ ≥
√( |Σh|
16pi
)
−m
where m denote the ADM mass of M.
Proof. Given the isometric embedding into M, we set
u =
H
H0
on Σ0. Using the unit normal flow, we write the metric g¯ as
g¯ = ds2 + σs
and solve the prescribed scalar curvature equation
R˜ = R¯+ (
1
u2
− 1)T.
for the metric
g˜ = u2ds2 + σs.
By Proposition 4.1, g˜ is smooth and asymptotically flat. R˜ ≥ 0 by Lemma 3.1. Using the
initial value on Σ0, we have
1
8pi
∫
Σ
V (H0 −H) dσ = 1
8pi
∫
Σ0
V (H0 − H˜) dσ
By Corollary 3.10, we get
1
8pi
∫
Σ0
V (H0 − H˜) dσ ≥ lim
s→∞
1
8pi
∫
Σs
V (H0 − H˜) dσs
Note that
lim
s→∞
1
8pi
∫
Σs
V (H0 − H˜) dσs = lim
s→∞
1
8pi
∫
Σs
(H0 − H˜) dσs
since V = 1 + O(s−τ ), H0 = 2r + O(s
−1−τ ) for some τ > 12 , and u = 1 + O(s
−1). For s
sufficiently large, the Gauss curvature for σs is positive and thus there exists a unique iso-
metric embedding of Σs into R
3. Let H¯ be the mean curvature of the isometric embedding
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of Σs into R
3, we compute
lim
s→∞
1
8pi
∫
Σs
(H0 − H˜) dσs
= lim
s→∞
1
8pi
∫
Σs
(H¯ − H˜) dσs + lim
s→∞
1
8pi
∫
Σs
(H0 − H¯) dσs
=mADM(g˜)−m.
In the last equality, we use the theorem that the large sphere limit of the Brown-York mass
on an asymptotically flat initial data is the total ADM energy [8]. Combining the above,
we have
1
8pi
∫
Σ0
V (H0 −H) dσ ≥ mADM(g˜)−m
On the other hand, we glue together (M,g) with (Mext, g˜) and apply the Penrose in-
equality [16], we conclude that
mADM(g˜) ≥
√( |Σh|
16pi
)
.
The proposition follows from combining the above two inequalities together. 
5. The unit normal foliation
In this section, we study the unit normal foliation in a spherically symmetric static
manifold M and derive a sufficient condition on Σ0 such that the foliation satisfies (2.1).
We observe that it suffices to show that
∂V
∂ν
> 0,
R¯
2
− R¯ic(ν, ν) < 0 and det(A0) > R¯
2
since R¯ ≥ T. The second condition follows from
(5.1) R¯ic(ν, ν) < 0
since R¯ ≥ 0.
On the other hand,
(5.2) det(A0) >
R¯
2
follows from a suitable lower bound on the principle curvature of Σs.
Finally, we observe that if R¯ic(∂r, ∂r) < 0, V is spherical symmetric and
∂V
∂r
> 0, then
(5.1) implies
(5.3)
∂V
∂ν
> 0.
A spherically symmetric manifold is conformally flat. Namely, there exist a coordinate
such that
g¯ = F 4(ρ)(dρ2 + ρ2dS2).
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We identify a foliation Σs of M with a foliation Σ˜s of R
3 using this coordinate. Under
the identification, a unit normal flow is identified with a flow with a given normal speed
depending on the conformal factor. This allows us to find a condition on Σ0 to guarantee
(2.1) by studying the evolution of principal curvatures and the support function of surfaces
in R3. We will first illustrate this idea using the Schwarzschild manifold since the conformal
factor is explicit which simplifies the presentation. In the second subsection, we discuss the
flow in the Reissner-Nordstrom manifold. In the last subsection, we prove a similar result
for any asymptotically flat and spherically symmetric static manifold.
5.1. The Schwarzschild case. Let m > 0. Recall that the Ricci curvature of
dr2
1− 2m
r
+ r2dS2
in the orthonorgmal frame {er, e1, e2} is
(5.4)

−2mr3 0 00 m
r3
0
0 0 m
r3

 .
We use the isothermal coordinate for the Schwarzschild manifold
(1 +
m
2ρ
)4(dρ2 + ρ2dS2)
which is obtained using a change of variable ρ = ρ(r). We set
F = 1 +
m
2ρ
.
We can then identify a star-shaped surface Σ in the Schwarzschild manifold defined by
ρ = G(ua)
with the surface Σ˜ in R3 defined by the same equation. As a result, a foliation Σs of the
Schwarzschild manifold corresponds to a foliation Σ˜s of R
3. In particular, Σs is the unit
normal foliation if and only if Σ˜s satisfies
(5.5)
∂X
∂s
=
ν
F 2
.
where ν is the unit normal of Σ˜s in R
3.
On Σ˜s, we consider the support function
〈X, ν〉
and the principal curvature κ˜a. Let
cos θ =
〈X, ν〉
ρ
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Proposition 5.1. If the surface Σ˜0 satisfies
cos θ >
1√
3
min
a
κ˜a >
√
3m
ρ2
ρ >3m,
then the unit normal flow Σs from Σ0 in the Schwarzschild manifold satisfies (5.1), (5.2)
and (5.3).
Proof. In the following, we restrict our discussion to the trajectory of a point on Σ˜0 along
the flow. By (5.4), (5.1) is the same as
cos θ >
1
3
.
Under the flow defined by (5.5), we have
d
ds
ρ =
cos θ
F 2
d
ds
cos θ ≥ sin
2 θ
F 2ρ
− |∇ 1
F 2
|
=
sin θ
F 2ρ
(sin θ − m
Fρ
)
We claim that, if on Σ0, we have
cos θ >
√
1
3
and ρ > 3m,
then for all Σs, we have
cos θ >
√
1
3
.
We prove by contradiction. Suppose it does not hold on all s. Then there is a first time
s = s0 that it is violated. At s = s0, we have
0 ≥ d
ds
cos θ ≥ sin θ
F 2ρ
(sin θ − m
Fρ
) >
sin θ
F 2ρ
(
√
2
3
− 1
3
) > 0.
This is a contradiction. We conclude that cos θ >
√
1
3 for all s. It follows that
∂V
∂ν
> 0.
On the other hand, (5.2) holds if
κ˜a + 2
∂νF
F
> 0.
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Since we need this for both principal curvatures, we simply write it as
κ˜ > −2∂νF
F
.
A sufficient condition is that
κ˜ >
m
ρ2
.
Let A be the second fundamental form of Σ˜s in R
3. Under the flow (5.5), we have
d
ds
Aab = −∇a∇b 1
F 2
+
1
F 2
Aacσ
cdAdb
where
−∇a∇b 1
F 2
= −DaDb 1
F 2
+Aab∂ν
1
F 2
.
The last term is positive assuming the surface is convex and cos θ > 0. By a direct
computation, we have
−DaDb 1
F 2
= − m
F 3ρ3
σab +m
DaρDbρ
F 3ρ3
(3− 3m
2ρF
) ≥ − m
F 3ρ3
σab ≥ − m
F 2ρ3
σab.
Thus we have
d
ds
(κ˜ρ2) ≥ 1
ρF 2
(
2ρ2 cos θκ˜− ρ3κ˜2 −m)
≥ 1
ρF 2
(
2√
3
ρ2κ˜− ρ3κ˜2 −m
)
where cos θ > 1√
3
is used in the last inequality. We claim that if
κ˜ρ2 >
√
3m
ρ >3m
on Σ˜0. Then
κ˜ρ2 >
√
3m
on all Σ˜s. By the previous discussion on ρ, it suffices to show that the condition
κ˜ρ2 >
√
3m
will be preserved along the flow. We prove by contradiction. Suppose it does not hold for
all s. Then there is a first time s = s0 that it is violated. At s = s0, we have
κ˜ρ2 =
√
3m
with
d
ds
κ˜ρ2 ≤ 0.
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However, we compute at s = s0
d
ds
(κ˜ρ2) >
1
ρF 2
(
2√
3
ρ2κ˜− ρ3κ˜2 −m
)
=
1
ρ2F 2
(
2√
3
ρ2κ˜− (ρ
2κ˜)2
ρ
−m
)
=
1
ρ2F 2
(
2m− 3m
2
ρ
−m
)
.
The last line is positive if ρ > 3m. This is a contradiction. This finishes the proof. 
We formulate the above conditions in terms of conditions on Σ0.
Corollary 5.2. If the surface Σ0 satisfies
−R¯ic(ν, ν) >0
min
a
κa >
√
3m
ρ2
ρ >3m,
then the unit normal flow Σs from Σ0 in the Schwarzschild manifold satisfies (5.1), (5.2)
and (5.3).
Proof. We mentioned before that cos θ > 1√
3
is the same as R¯ic(ν, ν) < 0. ρ takes the
same value on Σ0 and Σ˜0. Finally, the principal curvature in the Schwarzschild manifold
is smaller than the principal curvature in R3. 
5.2. The Reissner-Nordstrom case. In this subsection, let (M, g¯) be the Reissner-
Nordstrom manifold with mass m > 0 and charge e. In spherical coordinate, the metric
is
−(1− 2m
r
+
e2
r2
)dt2 +
dr2
1− 2m
r
+ e
2
r2
+ r2dS2.
and the Ricci curvature in the orthonorgmal frame {er, e1, e2} is
(5.6)

−2mr3 + e
2
r4
0 0
0 m
r3
0
0 0 m
r3


Similar to the last subsection, we express the metric in terms of the isothermal coordinate
g¯ = F 4(ρ)(dρ2 + ρ2dS2).
by a change of variable ρ = ρ(r). While the change of variable is not explicit, we can still
check that
∂ρF < 0.
Using the isothermal coordinate, we identify a surface Σ in the Reissner-Nordstrom
manifold with a surface Σ˜ in R3 as in the last subsection.
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Proposition 5.3. There exists constant C1 > 0 and C2 > 0 (depending only on m and e)
such that if the surface Σ0 satisfies
−R¯ic(ν, ν) > 0
and the surface Σ˜0 satisfies that
min
a
κ˜a >
C1
ρ2
ρ >C2,
then the unit normal flow Σs from Σ0 in the Reissner-Nordstrom manifold satisfies (5.1),
(5.2) and (5.3).
Proof. On Σ˜s, define
cos θ =
〈X, ν〉
ρ
As before, cos θ > 0 implies that
∂V
∂ν
> 0.
From (5.6), −R¯ic(ν, ν) > 0 if and only if
cos θ >
√
m
3m− e2
r(ρ)
.
Let
G(ρ) =
√
m
3m− e2
r(ρ)
.
It is a decreasing function of ρ.
Let C3, C4 and C5 be positive constant such that
|D 1
F 2
| < C3
F 2ρ2 + 1
2
|DF |
F
+ F 2
√
R(g¯) <
C4
ρ2 + 1
DaDb
1
F 2
<
C5
ρ3F 2 + 1
.
In the following, we restrict our discussion to the trajectory of a point on Σ˜0 along the
flow. Let ρ0 be the value of ρ at the point we choose. Under the flow with normal speed
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1
F 2
, we have
d
ds
ρ =
cos θ
F 2
d
ds
cos θ ≥ sin
2 θ
F 2ρ
− |∇ 1
F 2
|
≥ sin θ
F 2ρ
(sin θ − C3
ρ
)
Thus, if on Σ˜0, we have
cos θ >G(ρ0)
ρ >
C3√
1−G2(ρ0)
,
then we claim that ρ is increasing in s and
cos θ > G(ρ0)
holds on all Σs. Suppose it does not hold on all s. Then there is a first time s = s0 that it
is violated. At s = s0, we have
0 ≥ d
ds
cos θ ≥ sin θ
F 2ρ
(
√
1−G2(ρ0)− C3
ρ
) > 0
which is a contradiction. We conclude that cos θ > G(ρ0). In particular, we have
cos θ >
1√
3
.
On the other hand, (5.2) holds if
κ˜a
F 2
+ 2
∂νF
F 3
>
√
R(g¯).
A sufficient condition is that
κ˜a >
C4
ρ2
for both principal curvature. In the following, we denote it simply by κ˜. We compute as
before that
d
ds
(κ˜ρ2) ≥ 1
ρF 2
(
2ρ2 cos θκ˜− ρ3κ˜2 − C5
)
>
1
ρF 2
(
2√
3
ρ2κ˜− ρ3κ2 −C5
)
.
Set
C = max{C4, C5}.
Using the same proof by contradiction as the Schwarzschild case, we conclude that if
κ˜ρ2 >
√
3C
ρ >3C
(5.7)
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on Σ˜0, then the same holds on all Σ˜s. As a result, the proposition is true if we set
C1 =
√
3max{C4, C5}
C2 =max{ C3√
1− (maxG)2 ,
√
3C4,
√
3C5},
where we take the maximum of G among points outside the horizon. 
As a corollary, we have the following:
Corollary 5.4. There exists constant C6 > 0 and C7 > 0 such that if Σ0 satisfies
−R¯ic(ν, ν) >0
min
a
κa >
C6
r2
,
r >C7
then the unit normal flow Σs from Σ0 in the Reissner-Nordstrom manifold satisfies (5.1),
(5.2) and (5.3).
Proof. As before, we have
κa > κ˜a.
Moreover, ρ(r) is an increasing function of r such that
ρ = r +O(1).
In particular, for ρ > C2, there exists C > c > 0 such that
Cr > ρ > cr.

Combining Proposition 4.3 and Corollary 5.4, we obtain the following theorem:
Theorem 5.5. Let (M,g) be a compact, connected, orientable, 3-manifold with nonnegative
scalar curvature, with boundary ∂M . Suppose the boundary is the union of Σ and Σh, where
(i) Σ has positive mean curvature H > 0; and
(ii) Σh, if nonempty, is a minimal surface and there are no other closed minimal sur-
faces in (M,g).
There exists constant C6 and C7 depending only on the mass m and charge e of the reference
Reissner-Nordstrom manifold such that if Σ is isometric to a convex surface in the Reissner-
Nordstrom manifold with principle curvature κa and
−R¯ic(ν, ν) >0
minκa >
C6
r2
r >C7.
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Then
1
8pi
∫
Σ
V (H0 −H) dσ ≥
√( |Σh|
16pi
)
−m.
5.3. Spherically symmetric static manifold. First, we define precisely the conditions
we need for the static manifold.
Definition 5.6. M is called a spherically symmetric reference manifold if it is a complete,
asymptotically flat and spherically symmetric static manifold where the coordinate spheres
are strictly mean convex, with possibly a minimal surface boundary. Furthermore, we
assume that
∂V
∂r
> 0,
∂F
∂r
< 0 and R¯ic(∂r, ∂r) < 0,
where r is the area radius, V is the static potential and F is the conformal factor.
Remark 5.7. By spherical symmetry, we also require that V is a spherical symmetric
function. Recall we also need that V approaching to 1 at infinity. This holds if M is the
static slice of a spherical symmetric and asymptotically flat spacetime.
Remark 5.8. If there is a coordinate sphere with negative mean curvature, we can simply
look at the region of M outside the outermost minimal surface.
We identify surfaces Σs in M with surfaces Σ˜s in R
3 as before. From R¯ic(∂r, ∂r) < 0,
R¯ > 0 and the spherical symmetry, we conclude that
R¯ic(ν, ν) < 0
in and only if
cos θ > G(ρ) > 0
for some function G(ρ) < 1. We define the following:
Definition 5.9. We say that a surface Σ0 in M satisfies the tangent angle condition if
cos θ > max
R≥ρ0
G(R).
where ρ0 denotes the restriction on ρ to Σ0.
Remark 5.10. If G is decreasing in ρ, then the tangent angle condition is the same as
R¯ic(ν, ν) < 0.
We are now ready to state the quasi-local Penrose inequality
Theorem 5.11. Suppose M is a spherically symmetric reference manifold. Let (M,g)
be a compact, connected, orientable, 3-manifold with nonnegative scalar curvature, with
boundary ∂M . Suppose the boundary is the union of Σ and Σh, where
(i) Σ has positive mean curvature H > 0; and
(ii) Σh, if nonempty, is a minimal surface and there are no other closed minimal sur-
faces in (M,g).
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There exists constant C8 and C9 depending only on M such that if Σ is isometric to a
convex surface in M with principle curvature κa such that
minκa >
C8
r2
r >C9
and the tangent angle condition holds on Σ0, then
1
8pi
∫
Σ
V (H0 −H) dσ ≥
√( |Σh|
16pi
)
−m.
where m denote the ADM mass of M.
Proof. The proof is almost identical to the Reissner-Nordstrom case in the last subsection.
However, we do not know that G(ρ) is decreasing and thus we assume
cos θ > max
R≥r
G(R)
on Σ0. We get constants corresponding to C3, C4 and C5 which depend on the conformal
factor F of M. The rest of the proof is the identical by tracking the inequalities along the
flow. 
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